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RATIONALE 



From your past experience, you should now realize that your leanriitg 
of new mathematics is dependent on your understanding of previous mathe- 
matical concepts. This LAP is predicated on the idea that you have suc- 
cessfully completed IAP 1 in Algebra C-l. 

In this IAP you will take the basic concepts of IAP 1 (Logic) and 
utilize them in the performance of proofs. The main content of this IAP is 
geared to cne end— *the demonstration of proofs. 

This iraterial i3 necessary not only for achieving a solid under- 
standing of the logic underlying mathematics, but also giving a good 
introduction to the analysis of arguments whether they appear in mathe- 
matics, the sciences, debates or business. 

Since this IAP is an extension of IAP 1, it is necessary for you to be 
able to recall certain definitions and concepts. 

We realize that some of you may have forgotten some of the necessary 
information. To help you decide how well prepared you are, we have pro-^. 
vided a review section for you. Use this section wisely. 
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DO YOU REMEMBER? 

1. The connectives and their meanings: negation conjunction H/ S M 

disjunction "v," conditional " and biconditional "**"? 

Explanation: 

negation " ^ (read not) - when the statement P is true is 
false and when P is false ~P is true. 

conjunction "A” (read and) P/vj is only true when P is true and 
2 is true, otherwise it is false. 

disjunction "V" (read or) is only false when P is false and 3 
is false, otherwise it is true. 

conditional "♦ " (read if, then) P* 3 is only false when P is true 
and 3 is false, otherwise it is true. 

biconditional "<+" (road if and only if) P«*3 is true only when 
P and 2 have the same truth value, otherwise it is 
false. 

2. What is meant by equivalent sentences? 

Explanation: P is equivalent to 3 (P *3) if and only if P and 3 have 

the same truth values. (Another way of saying this 
^3 p is equivalent to 3 if and only if the state- 
ment P<*2 is a tautology). 
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3* Dr. Morgan’s laws of disjunction and conjunction? 

Explanation: the following are equivalent 

a) ~(Pa£) » '•Pv ~2 

b) '-(Pv£) » 

U. What is meant by a tautology? 

Explanation: A tautology is a sentence which is always true. 

Example: Pv~P. 

5. The Law of Syllogism? 

Explanation: This is a tautology you will find very helpful in doing 

proofs. 

[(P-»£> * (3-*R)J-*(P-»R) 

6* The following relatives of a conditional sentence and their meaning? 

a) its converse 

b) its inverse 

c) its contrapositive 

Explanation: Given the conditional sentence P-»£» 

its converse is £->P 

its Inverse is ~P-*~£ 

its contrapositive is 

The conditional and its contrapositive are equivalent 
Pj»o ** -*~P. 

The inverse and converse are equivalent 

» g-*P. 
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7, Modus Pone ns or the Rule of Detachment. 

Explanation: Given P-»£ 

we can conclude £ 



Knowledge of all these concepts are necessary for success in this IAP. 
Study these pages carefully: 

a) If you feel you understand these concepts, turn to the review 
test as an additional check. 

b) If you have forgotten some of these concepts-, go back to IAP 1 
in Algebra C-l for the necessary review and then take the review 

lest* 



Note: The questions on the review test are coded to the behavioral objec- 

tives in LAP 1 in Algebra C-l. 
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REVIEW TEST 



OBJECTIVES 


I. TRUE 


or FALSE: 


11 


1. 


When a conditional sentence is true, its converse 
is true. 


8 


2. 


If "p-*q" is true, we may infer "p" is true. 


8 


3. 


If "p_*q" is true, we may infer "p" is false. 


8 


U. 


If "p-»q" is false, we may infer "p" is true. 


11 




If a conditional sentence is true, its contra- 
positive is true. 


8 


6. 


p -»q <=> ~pvq- 


11 


7. 


If a conditional sentence is true, then its 
inverse is time. 


8 


8. 


If "p_>q" is true and p is true, then M q w must be 
true. 


9 


9. 


|_p v( q A r )_]♦—> |_( p vq ) A (pvr)J is a tautology. 


9 


10. 


p>p is a tautology. 


9 


11. 


p4(Pnq) is a tautology. 


9 


12. 


p*(p«/q) is a tautology. 
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OBJECTIVES 

5,6,8,12 



II, Match the statement in Column A with the equivalent 



statement in Column B» 



1. 


''(-'P) 


(a) 


*■( --p A *q) 


2. 


p ** q 


(b) 


~(p A ~q) 


3. 


pAq 


(c) 


p-»q 


U* 


pvq 


(d) 


P 


5. 


p*q 


(e) 


-p v '-q 


6. 


~(p->q) 


(f) 


*9 ° ~q 


7. 


-<PAq) 


(g) 


^(pvq) 


8. 


~pA ~q 


(h) 


^ v ~q) 


9. 


-px/q 


(i) 


p a ~q 


10. 


poq 


(J> 


( P-vq ) A (q->P) 



1U 



HI, By use of Modus Ponens, what conclusions can we make 
for each of the following: 

1. P 

p-*q 

777 ?) 

2. pAr 

(pAr) — > (qAs) 

77 (?) 

3. t*w 

t 

77 (?) 
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U. (o-»r) — > (ms) 

(p-»r) 

A (?) 

5. If roses are red then violets ere blue 

Roses are Red 

(?) 

6, If it snowed yesterday, the schools were closed. 

It did snow yesterday 

(?) 
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KEY TO REVIEW TEST 


I. 

1. 


Falao 7. False 


2 . 


False 8. True 


3. 


False 9. True 


a. 


True 10. True 




True 11. False 


6. 


True 12. True 


II. 

1. 


d 


2. 


J 


3. 


h 


a. 


a 


5. 


b (or c) (b is the preferred response) 


6. 


i 


............ 7. 


e 


8. 


g 


9. 


c (or b) (c is the preferred response) 


10. 


f 


III. 

1. 


q 


2. 


qAs 


3. 


w 


a. 


r-*s 


5. 


violets are blue 


© 6. 


•’•the schools were closed 


ERIC 
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9 

If you 'nave missed mors than three problems in any one of the three 
sections or. the preceding test, you are to report to your teacher for 
additional direction; if not, turn to the list of behavioral objectives for 



this IAP 
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LIST OF BEHAVIORAL OBJECTIVES 
At the end of this IAP, you should be able to: 

1. given the statements for a proof, supply the correct reasons 
for each statement, such as: 

a) Substitution 

b) Jtule of Conditional Proof 

c) Rule P 

2. given the necessary theorems, postulates and definitions, perform 
a proof using these as reasons. 

3. dsmonstrate your ability to recall the summary of rules of 
inference and the important tautologies, as outlined on pages 2 
and 3 of this LAP by using them for reasons in a proof when the 
statements are given. 

U. given the problem to perform an indirect proof, choose the state- 
ment to assume as true* 

given a set of premises and a required conclusion, prove or dis- 
prove the conclusion by using an indirect proof, either symbol- 
ically or in paragraph form. 



12 
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I BEHAVIORAL OBJECTIVES . 

(from pages 12 to 22) 

You should be able to: 

1, given the statements for a proof, supply the valid reasons for 
each statement f such as: 

a) Substitution 

b) Rule of Conditional Proof 

c ) Rule P 

2, given the necessary theorems, postulates and definitions, perform 
a proof using these as reasons 

3, demonstrate your ability to recall the summary of rules of infer- 
ence and the important tautologies as outlined on pages 2 and 3 
of this LAP by using them for reasons in a proof 
nents are given* 



when the state- 
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THE RULE OF SUBSTITUTION AH3 THE RULE OF CONDITIONAL PROOF 

If a given sentence P contains the sentence 3 and 3 » t, then the 
sentence Q obtained by substituting t for s is equivalent to P. That is, 
P «» Q. For instance, if we have the sentence 

P: q A s 



and 

then we obtain 
Hence, 
or 



Q: q A t. 

p o Q 

(q A s) « (q A t). 

The concept discussed in this paragraph is called the rule of sub- 
stitution . We will accept this rule without proof since the proof is 
beyond our discussion here and the truth of this rule should appear quite 
clear to you* 

Example 1 : [p A (p q)] « [p A ( ~p v q) j 

since (p— >q) 0 (~p v q) 



ROLE OF CONDITIONAL PROOF 

The theorems which we prove can be represented as conditional sentences. 
That la, 

P q* 

In making a proof we generally "accept" p as true. For if p were false then 
the conditional p — > q would already be true. Now that we have accepted p as 
true soma chain of steps should bring us to the fact that q is true* Hence, 
if p is true and q is true, we know p— »q is true and the proof in question 
is complete* The rule by which we infer p is true is called Rule P * The 
rule by which we infer p-» q is true is called the Rule of Conditional Proof . 
It is abbreviated "Rule C. P." 
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Suppose we wished to prove the following theorem: 

If a triangle is equilateral, then the triangle is equiangular. 

Conside r, 

P: A triangle is equilateral 
Q: A triangle is equiangular. 

Thus we wish to prove P— »Q. Our steps within the proof may involve 
the following with Q as our conclusion: 

P (by Rule P) 

Postulates 

Definitions 

Previously proved theorems 
Q 

Having Q deduced in this argument we now obtain 

P-*Q (by Rule C. P.) 

Soro people incorrectly believe that the objective in proving a theorem, 
p— is simply to deduce the consequent Q as the conclusion. However, 
this is not the case. We are actually trying to prove the conditional P— >Q. 
Tou should notice, nevertheless, that once we arrive at the fact Q is true 
we are basically finished since we can assume P is true and therefore P — »Q 
is true. Hence, the last step of a proof is many times omitted. That is, 
occasionally the Rule of Conditional Proof is not used. 



Example 2 : 



Let us suppose we have the following information at our disposal! 



Postulate 


Theorems 


Definitions 


Pi 


: m -> n 


D^: n «* c 




T 2 : (a A p-^ -* q 


D2 : q « m 



Prove : a — » c 



lb 



Proof: 

True State:nents 



1. 


a 


1. 


Rule P 


2. 


pi 


2. 


Postulate 


3. 


(a A p^-* q 


3. 


T 2 


U. 


a A p x 


b. 


Conjunctive Inference (steps 1 and 2) 


5. 


q 




Modus Ponens (steps 3 and U) 


6. 


q ° ir. 


6. 


°2 


7. 


m 


7. 


"Definition of Equivalence" 


8. 


m— > ti 


8. 


T 1 


9. 


n 


9. 


Modus Ponens 


10. 


n ° o 


10. 


D 1 


11. 


c 


11. 


Definition of Equivalence 


12. 


a c 


12. 


Rule C. P. (steps 1 and 11) 


IMPORTANT: 







We use this method of proof (Rule of Conditional Proof) only when 
proving a conditional sentence. 



Problem Set 1 

1, Supply the reasons for the assertions in the following proof. 
Theorems: T^: (a v c) — » b, Tg: d -* (a \/ c) 

Prove: d— » b 
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Proof: 



True Slatenantn 

1. d 

2 • d— » (a v c ) 

3. a v c 

h. (a v c) -> b 

5» b 

6. d b 



Reasons 

1. 

2 . 

3. 

iu 

6 . 



2. Give the reasons for the fallowing assertions in this proof: 
The ore 7a De f init i one 

T. : a -* b D^: b o c 

D 2 : c°d 



Prove : a — » d 

Proof: 

True Statements Reasons 

1. a 1# 

2. a-*b 2. 

3. b 3» 

U* b «» c U» 

5. c 5. 

6. cod 6# 

7. d 7. 

8. t -» d 8. 
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3» Furnish a complete proof for the following: 
(Hint: you could use the Law of Syllogism) 

Theorems Definitions 

T 1? a -»b D x : f ° g 

Tgt b — » (a A c) 

T 3 : (a A c) f 

Prove : a -4 g 



U. 






Can you define "V," and "**" using the connectives "A" and 

Prove that if (PA3) is true then P is true (this is called Law of 
Conjunctive Simplification. (Hint: is (PA^) “* p a tautology?). 



Let us now review the Inw of the Syllogism and the Law of Contraposi 
tive Inference which have been already established in LAP 1. 

Law of the Syllogism: ■ (p -*• q) a (a r)j -*• (p -* r) 

— I 

Law of Contrapositive Inference: a (p-»q)j->— P 

Example 1: Given: ~-s — * c 

c — ► 1 



-1 



Prove : 



3 
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Proof: 

True Statements 

1 . ~-8 -5 c 

2. c -* 1 

3. (~6 -4 c) A (c -* 1) 

Lu ^(~S c) A (c l) j -4 (~S -*1) 

$. ~3—*l 

6. -1 

7. [HL A (~s — > 1) j 
8 • [-1 A ( -a -> 1 ) J *fl ) 

9. ~(<^s ) 

10. 3 » ~(~s) 

11. 3 



Reasons 

1. Given 

2. Given 

3. Conjunctive Inference 
U. Law of the Syllogism 

5. Modus Ponens 3 and U 

6. Given 

7. Conjunctive Inference 

8. Law of Contrapositive Inference 

9. Modus Ponens 7 and 8 

10. The o rum of Double Negation 

11. "Definition of Equivalence" 



It seems quite important that you realize that the conditional , 

c) A (c -> 1) A ~lj — >s is a tautology and this is the case of any 
conditional you are able to prove true. Can you tell why? We could have 
used a truth table for the proof, but this is not very instructive. We've 
spent quite a lot of tine developing our axioms and theorems so let's use 
them. Besides a truth table becomes cumbersome if we have four variables 
to deal with, because we would then have to be concerned with sixteen rows. 

Our development has brought us many rules of inference and it seems 
appropriate to summarize many of them at this point. See Problem 5, Pro- 
blem Set 1 for Conjunctive Simplification. 
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Sumnary of the Rules of Inference 

I. Rule P 

II. Conjunctive Inference 

III. Conjunctive Simplification 

IV. Rule of Conditional Proof (Rule C. P.) 



V. Modus Pone ns 




VI. Rule of Subst 


itution 


VII. Tautologies 




1. [-<1 A (p -*■ q) J-* ~ P 


Law of Coutrapositive Inference 


2. ftp -* q) A (q-> r) j-* (p^»r) 


Law of the Syllogism 


3. ~(~p) °P 


Theorem 1 (Law of Double Negation) 


U. (p q) ° (~q-»~p) 


Law of Contraposition 


$. w (pvq)» (~pA~q) 


De Morgan's Law 


6. ~(pAq) *>• (~pV~q) 


De Morgan's Law 


7. (p -»q) *» (~P V <0 


Eaulvalence for Implication and Disjunction 


3. ~(p-»q)° (pA~q) 


Negation of the Implication 


9. (p v q) *» (q v p) 


Commutative Law for Disjunction 


io. (p a q) ° (q ap) 


Commutative Law for Conjunction 


11. (p V q) v r ® p v (q V/ r) 


Associative Law for Disjunction 


12. (p A q) A r o p A (q A r) 


Associative Law for Conjunction 


13. pV(qAr)° (p V q) A (p \s r) 


Distributive Law 


1U. p a (q v r) o (p A q) V (p A r) 


Distributive Law 



w 
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Problem Set 2 

1. Give the reasons for each step in the foilowinr proof: 
Prove: (p -+q) A ~(<1 v/ r ) ~*'~P 

Proof: 



True Statements 


Reasons 


1. (p — ♦ q) A v/ r) 


1. 


2. P -» q 


2. Con 


3. ~(q v r) 


3. 


U. ~(q V r) » (~q A '*r) 


u. 


5. A ~-r 


5. 


6 . ^~q 


6. 


7. ~q A (P -> q) 


7. 


8. ! ~q A (p -» q)j-» ~P 


8. 


9. ~P 


9. 


10. [(p ->q) A ~(q V r)j ->~P 


10. 



O 

me 



Given: (1) If wages increase, then there will be inflation. 

(2) If there is inflation, then the cost of living will 
increase . 

(3) Wages will increase. 

Prove: The cost of living will increase. 

Consider, W: Wages increase. 

I: There will be inflation. 

C: The cost of living will increase. 

Thus, we are given: 

(1) W-+I 

(2) I-*C 

(3) W 

Prove : C 



on 



20 



3. Prove the following. Use the riven letters as symbols. 

Given: (l) If the market is free, then a single dealer cannot affect 

prices. (F, D) 

(2) If a single dealer cannot affect prices, then there are a 
large number of dealers* (D, N) 

(3) There are not a large number of dealers* 

Prove: The market is not free. 

U* Given: (1) w^»d 

(2) p d 



Prove : w — * ~p 

5* Prove: £(p — * q) a (q — ► r) a. (r -» s)J — » (p — > s)* 

(This is called a "chain" of syllogisms). Do not use a truth 
table ) . 

6. Determine which of the following arguments are valid, 
a* All politicians are honest* 

Jenkins is a politician* 

/•Jenkins is honest, 
b* All politicians are honest. 

All lawyers are politicians. 

/. All lawyers are honest* 
c* Only men are mortal. 

This person is a man. 

This man is mortal* 

d. The diagonals of a rectangle are congruent. 

All squares are rectangles. 

• • Any square has congruent diagonals. 



O 
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7. Negate the following: 
a« A ~q 

b* P ~q 

c. ~p — > q 

d. p v(p^>l) 

e. Frank is old and bald. 

f. x3 - 8 or x 1 * - 13 

g. If snow falls, then it will be cold. 

8. What do you think the negation would be for each of the following 

a. For all numbers x, x2 ■ U 

b. For some number x, 2x + 3 ■ 5 

c. Some mice are meek. 

d. No cats are black. 

e. All rabbits are not bunnies. 

f. Some people do not like dogs. 



SELF-EVALUATION 



1. Give the reason for each assertion in the following proof 

Dji f <=£> ~b 

D 2 : ~q <=> h 

D 3 : C 

Ti: h - f 

Tjl (d A c) *> ~q 




Prove: a ■+ ~b 

Assertion Reason 

1 . a 

2. c 

3. (d A c) q 

4. ~q 

5. ~q <==>h 

6. h 

7. h -*• f 

8. f 

9. f <=^~b 

10. -a 

11 . a ■+ ~b 

2. Give the reason for each assertion in the following proof 
Given: -m V n 

n <■=■=> ~c 
~c -*• x 
Prove: m -*• x 

Assertion Reason 

1 . - m V n 



SELF-EVALUATION (cont ' ) 



Assertion 



Reason 



2 




3. m ■* n 



4. m 



5. n 



6 



c 



c 



8. ~c ■+ x 

9. x 

10. m x 

3. Prove the following argument valid: 

a. We will not reduce our military budget or the Russians will 
surpass us as a nuclear power. 

b. If the red Chinese do not invade Russia, then Russia will not 
surpass us as a nuclear power. 

c. Therefore, if we reduce our military budget, the Red Chinese will 
invade Russia. 

Symbolize as follows: 

We will reduce our military budget - B 

The Russians will surpass us as a nuclear power - S 

The Red Chinese will invade Russia - I 

4. Prove the following argument valid. 

a. If Jack studies hard, then he will pass his test. 

b. If Jack passes his test, then his parents will let hem use the car. 

c. If Jack uses the car, he will ask Sue for a date. 

d. Jack does not ask Sue for a date. 

e. Therefore Jack does not study hard. 




Symbolize as follows : 



SELF-EVALUATION (cont') 



Jack studies hard - H 

He passes his test - P 

His parents let him use the car - C 

He asks Sue for a date - D 



5. Prove the following argument valid. 

a. The world monetary crisis will be resolved or there will be a 
depression. 

b. If there is a depression, then 98% of the labor force will not 
have jobs. 

c. If the President is happy, the 98% of the labor force has jobs. 

d. The President is happy. 

e. Therefore, the world monetary crisis will be resolved. 

Symbolize as follows: 

The world monetary crisis will be resolved - r 
There will be a depression - d 
98% of the labor force will have jobs - j 
The President is happy - h 



STOP! 



SEE YOUR TEACHER. A PROGRESS TEST IS SCHEDULED HERE. 



. q.ementary Problems to Problem Set 2 
The following problems give a total of 50 points toward depth study. 
These problems should not be attempted until all the problems in Problem 



Set I have been completed. 




1. o + (p-» q) 


30 points toward 


(p A q) -» (o /v r) 


depth study 


P 




Prove: (~o \y ~q) — * ( ~o a ~q) 




2. t -* w 


20 points toward 


(x -> ~y) — > ~w 


depth study 


Prove: t — » x 





When you accumulate a total of 60 points toward depth study, you will 
receive a 6 depth study grade (it increases your average by .1) 

70 points is equivalent to a 7 toward depth (increase *2) 

80 points is equivalent to a 8 toward depth (increase .3) 

90 points is equivalent to a 9 toward depth (increase »U) 



After you have finished all the material up to this point, make an 
appointment with one of your instructors. 

On the basis of the conference you will either take Quiz 1, or be 
recycled through additional materials. In either case. Quiz 1 must be 
taken before you continue on in this LAP. 
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II BEHAVIORAL OBJECTIVES 
(from pages 2h to 31) 

The student should be able to: 

(a) Given the problem to perform an indirect proof, choose 
the statement to assume as true. 

(b) Given a set of premises and a required conclusion, prove 
or disprove the conclusion, by using an indirect proof,- 
either symbolically or in paragraph form. 
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INDIRECT METHOD OF PROOF 

The indirect method of proof, as a logician thinks of It, is generally 
based upon the rule of contrapositive inference. 

[~q a (p -» q)j -»~p. 

This type of proof Is fundamental to all branches of mathematics. 

In an indirect proof of a statement A, it is customary to show 
that the assumption ~A leads to a "contradiction," so that ~A 
must be false and thus A is true. A contradiction Is under- 
stood to be the denial of an axiom or of a previously proved 
theorem. 

In addition, any statement known to be false because of its form alone 
can serve as a contradiction. Perhaps the simplest such form is "p a ~p," 
for whatever the truth value taken for p, the truth value of p a -p will 
clearly be false. Therefore, any statement In the form »p a ~p» is false, 
and can serve as the contradiction in an indirect argument. 

We shall take as the basic form of an indirect proof of A, any argu- 
ment that starts with ~A and leads to a statement which we know is false . 

In carrying out an indirect proof, one must be careful to start the 
argument with the negation of the statement to be proved, or with some 

statement equivalent to it. In most cases, the statement, A, to be proved 

\ 

is a conditional of the form "P — » Q," so that the argument must start with 

~(P-»Q) 

which is equivalent to 



p a ~Q 



Thus , if we want, to prove 

p 3 . jf Jane is smart, then she gets good grades, 

we consider or 

Pa Jane is smart and she does not get good grades. 

Now by conjunctive simplification we have 

(1) Jane is smart 

(2) Jane does not get good grades. 

These last few remarks are very important. 

Example 1 : Given: (1) w-»d 

( 2 ) p->~d 

Prove; w-+ ~p 

Proof: Since we’re using an indirect proof we'll assume 



~(w— * ~p) • 




True Statements 


Reasons 


1 . ~(w-»~p) 


1. Given 


2. ~(w-> ~p) ** (w a p) 


2. Negation for Implication 


3. wap 


3. Definition of Equivalence 


U. w 


U. Conjunctive Simplification 


5 . P 


5. Conjunctive Simplification 


6 . w — > d 


6 . Given 


7. d 


7. Modus Ponens (Steps U and 6 ) 


8 . p- 4 ~d 


8 . Given 


9 . ~d 


9. Modus Ponens (Steps 5 and 8 ) 


10 . dA ~d 


10. Conjunctive Inference (Steps 
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At this point we may stop and write '•Contradiction,' 1 since we know 
dA ^ la always false* Our assumption has allowed us to prove a false 
statement, therefore ~(w— # must be false and its negation true, but 

its negation is what we want, that is 



Hence, when we established d A~d, the contradiction, we were 
basically finished with proof. Informally, we could say that all asser- 
tions we make in the left-hand column of our proof should be true. 

However, d a ~d certainly is not true and therefore our assumption 
~(w-* ~p) is false, consequently w-* ^ is true. This was the statement 
to be proved. 

In Summary, once we arrive at a conjunction of the form p a ~p, we*!! 
consider the proof to be finished . 

Example 2 : Givens (l) P-» £ 



(2) HR-# ~£ 

(3) HI 



Prove: ~P 



Proof; Since we’re using an indirect proof, we ’ll assume ~(~P). 



True Statement 



Reasons 



1. ~(H>) 

2. ~(H>) • P 

3. P 

U. P-* £ 

5. £ 

6. Hl-» ~£ 

7. HI— 

8. £ R 



2 • Double negation 



5. Modus Ponens 3# h 



3. Definition of equivalence 



U. Given 



1. Given 



6. Given 



7. Contrapositive 

8. Definition of equivalence 
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9. 


R 


9. 


Modus Ponens 5, 8 


10. 


~R 


10. 


Given 


11. 


R A ~R 


11. 


Conjunctive Inference 



"Contradiction" therefore ~(~P) is false, so ~P must be tirue. 

Logic will be a great aid to us in our future studies of mathematics 
and this is the primary purpose for devoting so much time to the subject. 
Our future proofs will not be as formal as the proofs we have presented so 
far. However, this is not to say they will be informal. We'll not show 
such great concern over the Rule of Syllogism, Modus Ponens, Conjunctive 
Inference, etc. Once you understand what really comprises a proof to fill 
in every rule of inference adds very little to your understanding of the 
argument. Proofs also become very cumbersome when written in all detail, 
however, you should realize that it is possible to furnish these details. 
If we encounter arguments or negations which are questionable we shall call 
upon our study of logic to help us through the difficulty. 

Our proofs, up to this point, have been two-column proofs. The next 
example will demonstrate a paragraph proof. We'll not give every rule of 
inference, only the essential ones. In the future this is the type of 
proof we'll generally use. The requirements for such a proof will only 
come with experience. 

Exanple 3 : Use an indirect proof. 

Given: (1) Jim is funny, then he laughs. 

(2) Jim doesn't laugh or he doesn't cry. 
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Prove, P: If Jim is funny, then he does not cry. 

Proof: Using an indirect proof we assume ~P: Jim is funny and 

he cries . Using Conjunctive Simplification we have, 

(3) Jim i3 funny 
(U) Jim cries. 

From (1) and (3) and Modus Ponens we can assert 
(f>) Jim laughs. 

Now, the disjunction in (2) is true, but the first dis- 
junct is false by (£)• Thus, the second disjunct must 
be true. Therefore, we conclude 
(6) Jim doesn’t cry. 

Finally, (U) and (6) are a contradiction. Now the proof 
is finished. 

Example U : Use an indirect proof. 

Given: (1) If lambs growl, then dogs bleat. 

(2) If chickens sing, then dogs do not bleat. 

Prove, P: If lambs growl, then chickens don’t sing. 

Proof: Since we’re using an indirect proof we assume ~P or 

equivalently, " Lambs growl and chickens sing ." 

Thus, by Conjunctive Simplification, we know 

(3) Lambs growl. 

(U) Chickens sing. 

Now, using (2) and (U) with Modus Ponens we can conclude 
(5) Dogs do not bleat. 
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Taking the contrapositive of (1) we have "If doga do 
not bleat, then lambs do not growl." By using (5) 
and Modus Pone ns we assert that 
(6) Lambs do not growl. 

Noting (3) and (6) we have a contradiction and is 
complete. 



Use 

1 . 

2 . 

3. 



Problem Set 3 

an indirect proof, similar to Examples 3 and U, for problems 1-6. 
Given: (1) If Henry is bad he won't play baseball. 

(2) If it isn't raining, then Henry will play baseball. 
Prove: If Henry is bad, then it rains. 

Given: (1) If John is tall and fast, then John is an athlete. 

(2) John is tall and not an athlete. 

Prove: John is not fast. 

Given: (1) If k + x • 5, then (x • 1 and 2x • 2) 

(2) U + x ■ $ and x • 1 



Prove: 
U. Given: 

Prove: 

5. Given: 

Prove: 

6. Given: 



Prove: 



2x - 2 

(1) If Joan is sick, then Joan is at home. 

(2) If Joan is at school, then Joan isn't home. 

If Joan is sick, then Joan isn't at school. 

(1) If a cat is hungry, then it drinks milk. 

(2) If a cat isn't hungry, then the cat sleeps. 

If a cat doesn't drink milk, then the cat sleeps. 

(1) Every integer is either odd, or else even* (Not both) 

(2) If an integer is odd, then its square i3 odd. 

(3) If an integer is even, then its square is even. 

If the square of an integer is even, then the integer itself 




is even. 
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7. Write a negation for each of the following: 

a) Chicago is the Windy City. 

b) John is not at his home. 

c) All natural numbers are integers. 

d) Some cats are black. 

e) Ho irrational number is rational. 

f) All courses overlap. 

g) Some triangles are not isosceles. 

h) V:c(lpc + 9 ■ 6). 

i) Sons unpleasant statements are true. 

j) ~ l 3*(6x 2 t 3) J. 

k) None of us is perfect. 

l) No employees are dishonest. 

8. Negate each of the following: 

a) The bus stops at Bay Street or Water Street. 

b) t ABC is Isosceles or equilateral. 

c) The pay telephone takes nickels , or dimes , or quarters. 

d) If a / b and c / d, then a ♦ c / b ♦ d. 

e) If a > b and b > c, then a > c. 

f) If two triangles are congruent, their corresponding sides are 
congruent. 

g) a > b. 

h) If n is an even number, then n is divisible by 2. 

i) 3 x (x ♦ U * 6) and "2" is a fraction. 

j) Sam is not at home and he is at church. 

k) a > b and b < c. 

l) a is perpendicular to c and b is perpendicular to c, and a is not 
parallel to b. 
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9. “If 6x ♦ U ■ 22, then x ■ 3" is true, can you immediately conclude 
that 3 solves the equation "6x + U ■ 22" ? Why or why not? Is 
"checking your answer" a logical necess^y when you are solving 
equation? Why or why not? 

10. "6x ♦ U ■ 22 if and only if x • 3" is true. Do you have to "check" 

that x ■ 3 actually solves 6x + U ■ 22? Why or why not? 
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At this point you have finished LAP 17 To prepare yourself for 
the Unit Test we have a student self-evaluation test on the next page* 
The answers are supplied in this package. Grade your test and then make 
an appointment with your instructor* 
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STUDENT SELF-EVALUATION TEST 

I. 

TRUE or FALSE 

1, Giron a set of premises and a valid conclusion following from those 
pranises , tte»re is only one correct method to prove that conclusion* 

2* If "p n is a true statement and you are able to infer M q n is true, then 
"p — * q" is true by the Rule of Conditional Proof* 

3* There are some tautologies which can never be used as a rule of 
inference. 

U* In formalizing an indirect proof the law of contrapositive Inference 
is most important. 

5. The two connectives we have used to define the other connectives in 
logic: have been "v" and 



II. 

1* Given: (1) (pAq) — » r 

(2) pA HP 

Which of the following conclusions is true if the argument is valid: 
a) r 



2 * 



b) ~p 

c) q 

d) ~q 

e) ~p A~q 

Given: (1) If Paul doesn't slice, then he hooks. 

(2) If Paul hooks, then he is sad* 

(3) Paul isn't sad* 
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Which of the following conclusions is true if the argument is valid: 

a) Paul hooks. 

b) Paul is sad. 

c) Paul slices. 

d) Paul hooks and Paul slices. 

e) None of the above. 

3. Given: (1) babies are illogical. 

(2) Nobody is despised who can manage a crocadile. 

(3) Illogical persons are despised. 

Which of the following conclusions is true if the arguront is valid: 

a) Babies are not despised. 

b) Illogical persons are not despised. 

c) Babies can manage crocodiles. 

d) Babies cannot manage crocodiles. 

e) Babies are not illogical. 

III. 

Give a two-column, valid argument, if the conclusion which you are 
trying to prove is true. Otherwise give a counter-example. For problem 1 
only give the missing reasons and missing statements. 

1. Given: (1) H-*D 

(2) ~H — > S 
Prove: ~D-*S 




3 ? 



Statement 


Reasons- 


1. ~D 


1. 




2. 


2. 


Given 


3. 


3. 


Given 


U • ~D — V ~H 


U. 






5. 


Modus Ponens Step and 


6. s 


6. 




7. 


7. 





2 . 



3. 



U. 



IV. 

1 . 



Given: 


(1) 


P — » q 




(2) 


R— »~q 


Prove : 


P-+ 


~R 


Given: 


(1) 


~(p V q) 




(2) 


R-»q 




(3) 


~R — * S 


Prove: 


S 




Given: 


(1) 


p — » q 




(2) 


~q 


Prove: 







Give an 


indirect proof for the following: 


Given: 


(1) 


(p Aq) -»R 




(2) 


pA~R 


Prove : 


~q 
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RATIONALE 



Much of the world of mathematics is a world 
of numbers, and in order to work with numbers 
effectively, we must know the rules that govern 
their use. You already have had a good deal of 
experience with the basic rules of algebra; in 
fact, you are probably so familiar with them that 
you apply them mechanically without thinking about 
them. For this reason, we are going to use the 
rules of algebra in an unfamiliar setting. We are 
going to use these rules to solve equations invol- 
ving absolute values and also inequalities. Then 
we are going to undergo a thorough review of the 
Laws of Exponents and radicals. Finally we are 
going to study a set of numbers that allow us to 
determine the solution set of the relatively simple 
equation x 2 + 1 = 0: the set of Complex Numbers. 
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SECTION I 



Behavioral Objectives 

By the completion of the prescribed course of study, you will be 
able to: 



1. Define the absolute value of a real number and answer questions 
and solve problems relating to this definition. 

2. Determine the solution set of any given inequality. 

3. Demonstrate your understanding of the laws of exponents by 
solving problems relating to these laws that have integral 
and/or rational exponents. 

4. Take any expression written with a rational exponent and change 
it into an equivalent radical and vice-versa. 

5. Simplify any given radical by applying the appropriate laws of 
exponents. 

6. Change the order of any given radical. 

7. Simplify any expression involving radicals with the same indices 
by performing the four fundamental operations on the expression 
as inidcated. 




RESOURCES I 



I. Readings: 

1. White: Advanced Algebra - #1 ; #2 p. 107; #3 pp. 3-4; #4 

; #5 - #7 pp. 6-8. 

2. Rees: Algebra and Trigonometry - #1 p. 14; #2 pp. 75-76, pp. 

80-87, pp. 214-218; #3 pp. 98-100, pp. 101-105, pp. 106-108; 

#4 pp. 108-109; #5 pp. 110-112; #6 p. 112; #7 pp. 114-115. 

3. Vance: Modern Algebra and Trigonometry - #1 pp. 76-77; #2 pp. 

185-189; #3 pp. 59-61; #4 ; #5 pp. 62-63; #6 ; #7 pp. 

64-66. 
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SECTION I 

RESOURCES I (cont 1 ) 

4. Fisher: Integrated Algebra and Trigonometry - #1 pp. 26-28; #2 

pp. 22-25, pp. 29-31; #3-#7 pp. 32-39. 

II. Problems: 

1. White: Advanced Algebra - #1 ; #2 pp. 108-109 ex. A(14-18), 

B(13-16); #3 p. 5 A(l-24) even numbered exercises; #4 ; #5- 

#7 p. 9 A(l-20), B ( 1-10) even numbered exercises. 

2. Rees: Algebra and Trigonometry - #1 ; #2 p. 77 ex. 1-20 

even numbered exercises; pp. 87-88 ex. 1-20 even numbered exer- 
cises; #3 pp. 100-101 ex. 1-44 even numbered exercises, pp. 105- 
106 ex. 1-44 even numbered exercises, p. 109 ex. 17-36 odd 
numbered exercises; #4 p. 109 ex. 1-16; #5 pp. 112-113 ex. 1-20, 
45-48; #6 pp. 113-114 ex. 49-60; #7 p. 113 ex. 21-44, pp. 115- 
116 ex. 1-40 even numbered exercises. 

3. Vance: Modern Algebra and Trigonometry - #1 pp. 77-78 ex. 6-7; 

#2 p. 188 ex. 1-20; #3 p. 60 ex. 1-12, pp. 61-62 ex. 1-28 even 

numbered exercises; #4 ; #5 pp. 63-64 ex. 1-30 even numbered 

exercises; #6 ; #7 pp. 64-65 ex. 1-20 even numbered exercises, 

pp. 66-67 ex. 1-41 even numbered exercises. 

4. Fisher: Integrated Algebra and Trigonometry - #1 p. 29 ex. 1, 2, 
4, 8; #2 pp. 25-26 ex. 2, pp. 30-31 ex. 1-3, 5-7; #3 - #7 pp. 35- 
36 ex. 1-5, pp. 39-40 ex. 1-6. 



SELF-EVALUATION I 



1. a. If m is any real number, define the absolute value of in. 

b. Solve the following equations for all real values of x: 

1) |x 2 | = -3 2) |7x - 2| = 5x - 3 

2. Find the solution set of the following inequalities: 

a. 9 - 7x < 4 b. f-r? <4 c. |x - 9| < 5 



3. Simplify the following expressions as far as possible, 
your answer without negative or zero exponents: 



Express 



3x" 2 y 

27xy -5 



b. 



3Vb_c 




4. a. Change the following rational expressions into radicals. 
1) 7 ** 2) (ft)* 3) x^yTz % 



b. Change the following radical expressions into expressions with 
rational exponents: 



a. /9 



/x2 yz~ 2 
b. /xyz"4 



c. ^a -1 bc" 5 *a 2 bc 4 



5. Simplify the following as completely as possible: 

a) /54T b) *'m 5 n“ 10 p° c) ab 2 ^b 2 c 3 

6. Reduce the following radicals to the lowest order possible then simplify: 

a) *^36a 6 y 8 b) ^64x 18 y 14 
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SELF-EVALUATION I (cont') 



7. a. Combine the following radicals by simplifying: 

1) /48 + /I2 - /75 

2) a + b far + c far* 



b. Determine the following products and quotients and simplify as 
completely as possible. 

1) /x • /x 2 y • /xz^ 

2) /x _3 yz _1 * /x 4 y~ 5 z 2 

3 ) ( /6 - /5) ( /(T + /5) 

4) ^3xy" 5 z" 2 * ^81x~ 5 yz 4 



c. Rationalize the denominators in the following problems: 



1) 



/6 + 3 

/ 7 



2 ) 



3x + 5 
6 + /x 



8. Answer the following true or false: 



a. 


CM 

X 

ro 


= 9x 2 


b. 


(3a) 3 


5 ( 2b) 2 = 540a 3 b 2 


c. 


A + 


A = /7 


d. 


a 2 _ 


M 2 


b 2 


(b) 


e. 


5/3T ■ 


- 2/J = 3/J 



f. 



x 2 + y 2 
x 2 - y 2 



IF YOU HAVE MASTERED ALL THE BEHAVIORAL OBJECTIVES, TAKE YOUR PROGRESS 

TEST. 



ADVANCED STUDY I 



1. The integers a = 0 and b = 0 satisfy the equation ab = a + b. 

Are there any others? 

2. Given x and y are positive numbers. Show that Sx + y < /x + /y. 

3. Prove: If /(x + c) 2 + y 2 + /(x - c) z + y 7 = 2a and a 2 * b 2 + 

x 2 v 2 

then 7 + = 1 . 

4. Is 6 the only value of (x 2 + 6x + 9)^ - (x 2 - 6x + 9) 2 ? Justify 
your answer. 

5. Rationalize the denominator in the fraction — — . 
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SECTION II 



Behavioral Objectives 

By the completion of the prescribed course of study, you will be 
able to: 

8. Define the set of complex numbers and answer questions relating 
to this definition. 

9. Simplify powers of the imaginary unit. 

10. Define the complex conjugate of a complex number and solve 
problems relating to this definition. 

11. Perform any of the four fundamental operations on any given 
pair of complex numbers. 

12. Graph any complex number. 

13. Define the modulus (absolute valu$ of any given complex number 
and solve problems relating to this definition. 



RESOURCES II 




I. Readings: 

1. Vannatta: Advanced High School Mathematics - #8, #9, #11 pp. 
23-24; #12, #13 pp. 25-28. 

2. White: Advanced Algebra - #8 - #11 pp. 76-80; #12 pp. 83-84; 



3. Rees: Algebra and Trigonometry - #8, #10, #11 pp. 315-318; 

#12 ; #13 



4. Vance: Modern Algebra and Trigonometry - #8, #11 pp. 163-164; 

#9 ; #10 p. 166; #12 ; #13 



5. Fisher: Integrated Algebra and Trigonometry - #8, #9, #11 pp. 

179-182; #10 pp. 183-185; #12 ; #13 



II. Problems: 

1. Vannatta: Advanced High School Mathematics - #8, #9, #11 pp. 
24-25 ex. 1-3, 20-22; #12, #13 p. 28 ex. 1-3. 

2. White: Advanced Algebra - #8 - #11 pp. 78-79 ex. A(l-9), B(l- 

10), pp. 81-82 ex. A( 1- 16) , B(l-10); #12 pp. 84-85 ex. 1-13, 14- 
15; #13 



3. Rees: Algebra and Trigonometry - #8, #10, #11 pp. 319-320 ex. 

1-52 even numbered exercises; #12 ; #13 . 



4. Vance: Modern Algebra and Trigonometry - #8, #11 p. 164 ex. 1- 

4, 6; #9 ; #10 p. 167 ex. 1-6; #12 ; #13 . 

5. Fisher: Integrated Algebra and Trigonometry - #8, #9, #11 p. 

183 ex. 1, 2, 4, 10; #10 pp. 185-186 ex. 1-4, 8, 9; #12, #13 _ 
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SELF-EVALUATION II 



a. What is a relationship between the set of complex numbers and the 
set of real numbers? 

b. Which of the following are not examples of complex numbers: 

1) 3 2) -it 3) (2,-5) 4) 3 s - 2i 5) /IT 



Simplify the following: 

1) i 19 b) 3 + 2i 16 c) 9i 37 

If z x and z 2 are two complex numbers, show that z[ + z 2 = Zj + 7 2 . 

Simplify the following: 

a) [(3,2) - (8,9)] + [(-8,l)(l,-8)] 

b) | - [(71 - 4) (6 ♦ 51)] 

o - **>] 

Graph the following complex numbers: 

a) -41 b) 2 - /=25 c) (-5,1) d) -3i + 2 

a. Define the modulus of a complex number. 

b. Determine the modulus of the following complex numbers: 

1) -2 + 3i 2) (-5,0) 3) -6i 4) /^36 - 3 

IF YOU HAVE MASTERED THE BEHAVIORAL OBJECTIVES, TAKE YOUR LAP TEST. 



ADVANCED STUDY II 



1. We say that the set of real numbers is ordered 
since for any two real numbers a and b we can 
determine whether a < b, a > b, or a = b. Is 
the set of complex numbers ordered? Justify 
your answer. If your answer was no, try to 
determine a way to set up an order relationship 
for the set of complex numbers. 

2. Suppose Zj and Z 2 are two complex numbers such 
that 3zj + 5z 2 = 3 - 6i and Szj - 3z 2 = 3i - 5. 
Determine a value for z x and z 2 . 

3. Let z 1 and z 2 be two complex numbers that are 

z, 

not real. If z x z 2 and j are real numbers, 
what can you say about z x and z 2 ? Justify your 
answer. 
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FUNCT IONS 



F<x>=x 
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RATIONALE 

Functions are one of the most important 
mathematical tools we have. They are used 
in Physics, Chemistry, and Biology. They are 
used in Statistics, all types of engineering, 
and in computer programming. But they are 
not restricted to use in the sciences. Such 
diverse fields as Economics and Music make 
extensive use of functions . 

In this LAP you will analyze several 
different functions, study the relations be- 
tween them, and some of their applied uses. 
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SECTION I: General Functions 



Behavioral Objectives 



By the completion of the prescribed course of study, you will 
be able to: 



1. Define a function and demonstrate your understanding of this 
definition by determining whether a given relation is a func- 
tion. 



2. Determine the complete domain and range of any given function. 

3. Compute f(a) for any given function f and any real variable a. 

4. Given two functions f and g be able to determine the domain, 
range, and a formula for: 



a. 

b. 

c. 

d. 

e. 



f(x) + g(x) 
f(x) • g (x) 
f(x) 
g(x) 

-f(x) 

f(x) 



5. Sketch a graph of any given function for an indicated domain. 

6. Determine the zeroes of any given function. 



7. State and prove the distance formula, and apply this formula 
to solve problems relating to finding the distance between 
any two given points. 



8. Define a direct variation relationship and solve problems 
involving direct variation. 



9. Derive a formula that will enable you to determine the slope 
of a line and solve problems relating to this formula. 



10. Determine the x and y intercepts of the graph of any linear 
function. 



11. Determine the equation of a line given two points on the line 
or a point on the line and the slope of the line. 

12. Define an inverse variation relationship and solve problems 
relating to inverse variation. 



RESOURCES I 



READINGS : 

1. Vannatta: Advanced High School Mathematics - // 1, If 2, It 3, 

pp. 36-38; 04 ; 05 pp. 38-39; //6 p. 54.; #7 pp. 39-41; 

//8 ; It 9 pp. 42-44; /f 10 pp. 45-46; // 1 1 pp. 46-50; 012 



2. Rees; Algebra and Trigonometry - 01, //2, #3 pp. 117-123; 

If 4 ; 05 , It 6 pp. 126-128; It 7 p. 300; 08 pp. 291-293; If 9 

“; // 10 pp. 128-130; 111 ; 012 pp. 291-293. 

3. Fisher: Integrated Algebra and Trigonometry - #1, #2, 0 3 

pp. 43-51; #4 ; //5 pp. 58-61; It 6 p. 69; If 7 pp. 51-56; 

//8 pp. 62-64; 7/9, //10, #11 pp. 65-69; #12 pp. 70-72. 

4. Vane*: Modern Algebra and Trigonometry - If 1, # 2 , //3 pp. 

93-97; if 4 pp. 99-100; If 5 pp. 100-103; If 6 p. 100, pp. 169- 

171; in pp. 85-86; #8 pp. 198-199; #9 ; #10 ; #11 

; #12 pp. 198-199. 

5. Dolciani: Modern In troductory Analysis - If 1, If 2, #3 pp. 

222-223; 04 pp. 226-229; If 5 ; //6 ; If 7 pp. 167-169; 

#8 ; If 9 , IflO, If 11 pp. 203-206; #12 . 

PROBLEMS: 

1. Vannatta: Advanced High School Mathematics - # 1 , If 2, #3 

p. 38 ex. 1-10; #4 ; #5 p. 39 ex. 1-6; If 6 p. 54 ex. 1- 

12; if! p. 43. ex. 1-10; 08 ; If 9 pp. 44-45 ex. 1-10; If 10 

p. 46 ex. 1-10; #11 pp. 50-51 ex. 1-20; If 12 . 

2. Rees: Algebra and Trigonometry - If 1, If 2, If 3 pp. 123-124 

ex. (every third exercise); #4 ; If 5, If 6 ex. 1-4, 5-24 

(every third exercise); 07 ; 08 p. 296 ex. 1-2, 4, 13, 

15, 18, 20; If 9 ; 010 ; 011 ; If 12 p. 296 ex. 14, 

17, 19. 

3. Fisher: Integrated Algebra and Trigonometry - 01, 02, # 3 

pp. 47-48 ex. 1-5, 9-10; pp. 50-51 ex. 1-10; If 4 ; If 5 

pp. 61-62 ex. 1-5, 7, 9(c,d,e); If 6 ; 07 p. 57 ex. 1-11; 

08 pp. 64-65 ex. 1-10, 11-12; If 9, 010, 011 pp. 69-70 ex. 

1-4, 6-11; If 12 pp. 73-74 ex. 1-4, 7-12. 

4. Vance: Modern Algebra and Trigonometry - 01, If 2, 03 pp. 97- 

98 ex. 1-8, 10-17; If it p. 100 ex. 1-5; If 5 pp. 103-104 ex. 1- 
11, 14, 16; If 6 p. 171 ex. 1-4; 07 pp. 86-87 ex. 1-12, 14-15; 

08 pp. 199-200 ex. 1-2, 5, 7, 9, 12, 13-14, 16; 09 ; 

010 ; 011 ; If 12 pp. 199-200 ex. 4, 8, 10, 17, 20. 

5. Dolciani: Modern Introductory Analysis - If 1, If 2, 03 pp. 224- 

225 ex. 1-34, 39-48 (all even numbered exercises); 04 pp. 

229-230 ex. 1-20; If 5 ; If 6 ; If 7 pp. 169-170 ex. 1-14, 

19-24; 08 ; 09, 010, 011 pp. 207-208 ex. 1, 3-6, 8-42 (even 

numbered exercises); 012 . 

(cont') 
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RESOURCES I (cont') 



III. AUDIO: 






1 . 


Wollensak Teaching Tape C-3852: 


Graphing Linear Functions 


2. 


Wollensak Teaching 


Tape C-3854 : 


The Slope of a Line 


3. 


Wollensak Teaching 


Tape C-3855: 


Slope Intercept Form 




U 
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SELF-EVALUATION 1 



1. a. Define a function? 

b. Determine whether the following relations are functions: 



( 1 ) 


{(3,1), 


(4,2), (4,3), (5,4)1 


( 2 ) 


£(x) = 


3x - 9 
>: ~5 


(3) 


X 

A | 

Ps 


+ 5 


(4) 


£(x) = 


[x] 



2. Find the domain and range of the following functions. 

a. f (x) = x 

3x - 2 

(b) y = x + 5 

(c) f(x) = | x | 

(d) y = ~i ~~T 

3. a. (1) Given f(x) = |x| Compute f (0) , f(-l), and f (-9) 

(2) Given f (x) = [ x ] Compute f(l), f (3b) , and f (- 5 * 5 ) 

lx - 9 

(3) Given f (x) = x + ' ’J Compute f (—3) , f(0), and f(5) 

b. Given f(x) = [ x J , which of the following relations hold for f? 

( 1 ) f(x 2 ) = (f(x )) 2 (2) f (x + y) = f (x) = f(y) 

(3) f( 4 x) = 4f(x) 

4. a. If f(x) •= 2x - 7 and g(x) = x, determine: 

1 . h(x) if h (x) - f(x) + g (x) 

2 . h(x) if h(x) = — 7 — r- 

-g(x) 

b. What is domain and range of each of the functions determined in part a? 

5. Sketch a graph of the following functions. 

(a) f (x) = [x] 

(b) f(x) = - 2 x + 5 

6 . Find the zeroes of the functions given in problem 5. 



Self-Eva J u.-ic ion l (cont 1 ) 



7. a. State and prove t lie distance formula. 

"d. Find the distance between the following pairs of points. 

1) (0,3) and (-1,-2) 

2) (-2,-b) and (4,2) 

8. a. What dees it mean to say y j.s directly proportional to x. 

b. lhe point (i : -.j) belongs to the graph of the equation y « f(x) 
and y is directly proportional to x. Find the formula for f(x). 

e. Given y is directly proportional to x and y = f(x). Does f(a+b) 
f(o) + f(t) ftr any two numbers a and b. Justify your answer. 




9. a. Had the slope of the line given by the equation: 

1) f (x) * Jjx - 6 

2) y = 1 lx + 17 

b. Find the slope of the line passing through the given points. 

1) (-1,0) and (3,2) 

2) (4,3) and (1,-1) 

10. Find the x and y intercepts of the graphs. 

a. f(x) = -3x - 2 

b. f(x) = -x + 7 

H . a. Find the equation of the line passing through the points 
(3,1) and (-2,0). 

b. Find the equation of the line passing through the points (-1 4) 
with slope -3. * ' 

12. a. What does it mean to say x is inversely proportional to y? 

b. If y is inversely proportional to x and the graph of the equation 
y f(x) contains the point (-2,1), what is the formula for f(x)? 




SELF-EVALUATION 1 (cont') 



V 



c. If y is inversely proportional to x and y = f (x) does 

f(ab) = a • f(b) where a and b are any non-zero numbers? 
Justify your answer. 



\ 



IF YOU HAVE MASTERED THE BEHAVIORAL OBJECTIVES IN THIS SECTION, 
TAKE THE PROGRESS TEST, 
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ADVANCED STUDY I 



1. Sketch a graph of the following relations: 



a) f(x) = [ x ] + x 

b) y 2 = A - x 2 

c) | y | = |x| 

d) y = 3[x] - 5 



-4 < x < 4 



-5 < x < 5 



2. Let f(x) = 7x - 3 and g(x) = -2x + 4. Let functions p and q be 

defined by p(x) =• f(g(x)) and q(x) = g(f(x)). What is a relationship 

between the graphs of p and of q? 

3. Let f(x) be a function that is defined to be the distance between 
x and the nearest even integer. Then f(9) * 1, f(17%) = h and so 
on. Sketch a graph of f (x) for x such that -5 < x < 5 and deter- 
mine a formula for f(x). 

4. Let f be a function such that f(a+b) * f(a) - f(b). 

a) Show f(0) = 0 

b) Show f(l) = f (0) 

c) What can you say about f(b) if b is any real number? Justify 



5. a) For the function f(x) « x 1 * , show f(-x) = f(x). Such a function 

is called an even function. Give another example of such a function 
and show that it is an even function. 

b)For the function f(x) = x 5 , show that f(-x) a -f(x). Such a function 
is called an odd function. Give another example of such a function 
and show that it is an odd function. 

6. For each of the following functions: 

a) Determine the domain and range of the function. 

b) Determine the inverse function. 

c) Determine the domain and range of the inverse function. 

d) Sketch a graph of each function and its inverse on the same 
set of coordinate axes. 



yout answer. 



1) f (x) - 3x - 7 



x - 3 

2) f(x) = x + 2 



3) f (x) = x 2 - 9 
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SECTION II: Exponential and Logarithmic Functions 



Behavioral Objectives 

By the completion of the prescribed course of study, you will 
be able to: 



13. Define an exponential function and solve problems relating 
to this definition. 

14. Sketch the graph of a given exponential function for an 
indicated domain. 

15. Define a logarithmic function and solve problems relating 
to this definition. 

16. State and/or prove the following fundamental properties of 
logarithms and solve problems relating to these properties: 
a) If M and N are positive numbers and b is any positive 

base, then 



b) 



c) 



d) 



Log^MN * log^M + log^N 

If N is a positive number, p is any real number, and 
b is any positive base, then 
Log^N* 3 = pLog^N 

If M and N are positive numbers and b is any positive 
base , then 



M 

Log b jj- * Log^M - Log b N 



If a and b are two positive bases, 
number, then 



Log N 
a 



Log h N 

Lo V 



and N is any positive 



17. Determine the characteristic and Mantissa of a common logarithm 
and use tables to solve problems relating to common logarithms. 

18. Sketch the graph of any given logarithmic function for an 
indicated domain. 



61 
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RESOURCES II 



I. READINGS: 

1. Vannatta: Advanced High School Mathematics - //13 ; #14 

; // 1 5 , // 16 , // 17 pp. 101-102; //18 . 

2. Rees: Algebra and Trigonometry - // 13 p. 377, # 14 pp. 374- 

376; if 15 pp. 354-355; //16 pp. 355-357, 373-374; if 17 pp. 363- 
372, pp. 377-378; //18 pp. 374-376. 

3. Fisher: Integrated Aleebra and Trigonometry - //13, //14 pp. 

77-80; #15 pp. 81-83; if 16 pp. 84-86; #17 pp. 91-103; #18 pp. 
87-90. 

4. Vance: Modern Algebra and Trigonometry - #13, #14 pp. 305- 

306; #15, #16 pp. 313-316; if 17 pp. 316-328; if 18 pp. 313-314. 

5. Dolciani: Modern Introductory Analysis - #13, #14 pp. 327- 

331; if 15, if 16 pp. 353-355; if 17 pp. 356-362; if 18 . 

II. PROBLEMS: 

1. Vannatta: Advanced High Sc hool Mathematics - if 13 ; #14 

5 #15, if 16, #17 pp. 102-103 ex. 1-6. 

2. Rees: A lgebra and Trigonometry - #13 ; #14 p. 377 ex. 

25-28; #15 pp. 357-358 ex. 1-52 (every third exercise); if 16 
pp. 358-359 ex. 53-68, p. 377 ex. 5-16; If 17 pp. 367-368 ex. 
1-67 (every third exercies), p. 369 ex. 1-20, 33-47 (even 
numbered exercises); pp. 372-373 ex. 1-64 (every fourth 
exercise), p. 379 ex. 1-28 (even numbered exercises); if 18 
p. 377 ex. 17-24. 

3. Fisher: Integrated Algebra and Trigonometry - #13, #14 pp. 

80-81 ex. 1-4, 7, 10; #15 pp. 83-84 ex. 1-3, 5-10, 12; if 16 
pp. 86-87 ex. 1-5, 9; #17 pp. 93-94 ex. 1-9, pp. 97-98 ex. 
l(a-3) , 2-9, p. 100 ex. 1-2, pp. 103-104 ex. 1-4; #18 pp. 

90-91 ex. 1-2, 7-9. 

4. Vance: Modem Algebra and Trigonometry - #13, #14 p. 306 

ex. 1-6; if 15, if 16 p. 316 ex. 1-21, 26-35; #17 p. 318 ex. 

1-24 (odd numbered exercises), pp. 319-320 ex. 1-20 (even 
numbered problems), p. 321 ex. 1-16 (even numbered exercises), 
pp. 324-325 ex. 1-8, pp. 327-328 1-23, 26-29 (odd numbered 
exercises); #18 p. 316 ex. 22-25. 

5. Dolciani: Modern Introductory Analysis - #13, #14 pp. 332- 

333 ex. 1-14, 22-24; if 15, If 16 pp. 355-356 ex. 1-14, 31-34; 

#17 pp. 359-360 ex. 1-46 (even numbered exercises^; #18 . 
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SELF-EVALUATION II 



O 

ERIC 



1. a. Define an exponential function. 



b ’ 2£Vf: b ! S6S ° f the ex P° nent ial functions whose graphs contain 
the following points: 



1 ) ( 2 , 8 ) 

2) (-2,h) 



c. Why is tho base b of the exponential functions restricted to 
positive numbers? 



2 . 



Sketch the graphs of the following functions, 

x 



a. y = 2 



3. 



-3 < x < 3 
b - y = 5 X -2 < X < 2 

a. Define a logarithmic function? 



a 3 = B 



4 . a 



b. Write the following equations in logarithmic form: 

1. 9 2 = 81 

2 

c. Solve the following equations: 

1. log^x = 5 

2. log 16 4 = x 

3. log x a = 0 

4. 2 1o ® 2 x _ j 
Prove the following: 

If M and N are positive numbers and b is any base, then 
logjjM • N = log b M + log b N 

b. Given that iog^ = .7 log 10 = 1.35 and log 7 = .95, 



( 70 \— 

find the number log \ 3/ ^ 

b 



c. Solve for x: 



1. log (x + 1) + log (x - 1) ■ 3 
2 2 



lo hf = 2 



n 






m 



2 . 



